We investigate the quantum signatures of classical nonlinear resonances by making the analytic connection between the quantum wave functions and the classical periodic orbits for the uncoupled systems. It is found that the highly efficient extension of the localized coherent states within the classical caustics is an intriguing phenomenon in mesoscopic systems with nonlinear resonances. With the theoretical analysis, we experimentally demonstrate that the laser resonator with an intracavity saturable absorber can be employed to visualize the wave patterns analogous to the quantum wave functions associated with Fermi resonance.
I. INTRODUCTION
Investigations of the quantum ballistic transport in nanostructure devices have revealed that the intriguing observations of conductance fluctuations are closely related to the quantum wave functions associated with the classical periodic orbits ͓1-6͔. In recent years, there has been growing attention to quantum manifestations of classical periodic orbits in mesoscopic systems ͓7-17͔. Nonlinear resonances, which are originally described by Fermi in the molecule of CO 2 ͓18͔, have been shown to have a dramatic influence on the shapes of classical trajectories ͓19͔. The phenomenon of nonlinear resonances play a crucial role in experimental studies of molecular excitations, tunneling effect, stellar trajectories, as well as other theoretical works ͓19-22͔. Therefore, the connection between the quantum wave functions and the classical trajectories in mesoscopic systems with internal nonlinear resonances is important for understanding the quantum features of nonlinear classical dynamics, which is also a central issue in modern physics.
A single trajectory in the coupled Fermi resonance system often sweeps out a region similar to that described by an ensemble of periodic orbits in the uncoupled system ͓19͔. Therefore, the wave functions related to classical periodic orbits in the zero-order systems can serve as an excellent basis to manifest the quantum effect of nonlinear resonances. In this paper, we analytically construct the connection between the quantum wave functions and the classical periodic orbits to investigate the quantum signatures of classical nonlinear resonances in mesoscopic systems. With the analytical formulism, we disclose that only a few localized stationary states in mesoscopic systems are already sufficient to extend wave patterns within the classical caustics to reveal the quantum features of nonlinear resonances. Moreover, we experimentally demonstrate that the quantum wave functions associated with 2 : 1 coupled resonance can be analogously visualized from the laser patterns emitted from a nearly hemispherical laser cavity with an intracavity saturable absorber.
II. CLASSICAL TRAJECTORIES IN THE 2D HARMONIC OSCILLATOR WITH NONLINEAR RESONANCE
A single classical trajectory in the coupled resonance system is usually found to cover a region similar to that of an ensemble of periodic orbits in the uncoupled system ͓19͔.
Here we present a brief synopsis for the purpose of completeness. Considering the 2D harmonic oscillator with nonlinear resonances, the Hamiltonian for this system can be generally modeled as
where V c is the coupling potential and
where x = q and y = p , is the common factor of the frequencies by x and y , and p and q are relative prime integers. In terms of action-angle variables ͑J x , J y , x , y ͒ and the particle mass m, the representation for the trajectories of Eq. ͑2͒ is given by
The trajectories for Eq. ͑3͒ are the so-called Lissajous figures . Furthermore, four constants of motion for the zeroorder system in Eq. ͑2͒ are given by ͓23,24͔
An ensemble of the Lissajous trajectories for a given values of the Cartesian actions ͑J x , J y ͒ is to form a rectangular caus-tic in ͑x , y͒ space. Alternatively, J and one of the remaining constants of motion ͑⌬ , K , L͒ can be used to generate an ensemble of Lissajous trajectories with different shapes of the caustics. Figure 1 depicts the calculated results for a family of trajectories in the zero-order ͑uncoupled͒ system with different K values and J = 24.
To demonstrate the characteristics of the classical trajectories in the coupled system, the coupling potential that is originally considered by Noid et al. is employed: gion of a single trajectory in the coupled system is similar to the caustic formed by an ensemble of the uncoupled system, as shown in Fig. 1 . This similarity means that the quantum effect of classical nonlinear resonance can be manifested with the quantum wave functions related to classical periodic orbits in the zero-order systems. As a consequence, the connection between the quantum wave functions and the classical periodic orbits for the zero-order systems can be employed to manifest the quantum features of classical nonlinear resonance ͓25,26͔.
III. DERIVATION OF QUANTUM WAVE FUNCTIONS ASSOCIATED WITH CLASSICAL LISSAJOUS TRAJECTORIES
The conventional eigenstates of a 2D harmonic oscillator with commensurate frequencies do not reveal the characteristics of classical Lissajous figures even in the correspondence limit of large quantum number. It is well known that Schrödinger in 1926 ͓27͔ originally constructed a coherent state of a one-dimensional ͑1D͒ harmonic oscillator to describe a classical particle with a wave packet whose center in the time evolution follows the corresponding classical motion. Extended to 2D system, the Schrödinger coherent state is expected to correspond to a wave packet with its center generally moving along a classical trajectory. This exact correspondence enables us to derive the quantum stationary states localized on the classical Lissajous orbits from the time-dependent Schrödinger coherent state.
Since the Hamiltonian is separable, the Schrödinger coherent state for a 2D harmonic oscillator can be expressed as ͓27͔
͑6͒
It can be analytically deduced that the probability density for the coherent state ͉␣ x , ␣ y ͘ follows the motion of a classical 2D isotropic harmonic oscillator, i.e.,
With this result, the coherent state ͉␣ x , ␣ y ͘ can be related to the classical trajectory in Eq. ͑3͒ by use of the following substitutions:
Consider the case of the ratio x : y = q : p, the set of states with indices ͑n 1 , n 2 ͒ in Eq. ͑6͒ can be divided into subsets characterized by a pair of indices ͑u 1 , u 2 ͒ given by n 1 ϵ u 1 ͑mod p͒ and n 2 ϵ u 2 ͑mod q͒. In terms of these subsets and the action-angle variables ͑J x , J y , x , y ͒ in Eq. ͑8͒, the Schrödinger coherent state in Eq. ͑6͒ can be rewritten as 
As seen in Eq. ͑9͒, the 2D Schrödinger coherent state is divided into a product of two infinite series and two finite series. The method of the triangular partial sums is used to make precise sense out of the product of two infinite series in Eq. ͑9͒. Mathematically, the notion of triangular partial sums is called the Cauchy product of the double infinite series ͓28͔. With the representation of the Cauchy product, the terms ͉pN 1 + u 1 ͘ x ͉qN 2 + u 2 ͘ y in Eq. ͑9͒ can be arranged diagonally by grouping together those terms for which N x + N y = N:
After some algebra, Eq. ͑10͒ can be rewritten as
The expression in the curly bracket of Eq. ͑11͒ represents the stationary coherent states labeled with one major index N and two minor indices u 1 and u 2 . These stationary coherent states are physically expected to be associated with the Lissajous orbits. Since the minor indices u 1 and u 2 essentially do not affect the characteristics of the stationary states, the condition of u 1 = u 2 = 0 is used for the following analysis unless otherwise specified. Including the normalization condition, the stationary coherent states in Cartesian coordinates are given by 
where
H n ͑¯͒ are the Hermite polynomials, x = m x / ប, and y = m y / ប. Equation ͑12͒ reveals that the stationary coherent states associated with the Lissajous orbits are the superposition of degenerate eigenstates with the relative amplitude factor A and phase factor . Equations ͑13͒ and ͑14͒ indicate that the relative amplitude factor A and phase factor in the stationary coherent states ⌿ N p,q ͑x , y ; A , ͒ are explicitly related to the classical action-angle variables ͑J x , J y , x , y ͒.
From Eq. ͑11͒, the eigenenergies of the stationary coherent states ⌿ N p,q ͑x , y ; A , ͒ are found to be
͑Npq͒ប. ͑16͒
In comparison of Eq. ͑16͒ with Eq. ͑4a͒, the relationship between the index N and the classical action J is given by
With Eqs. ͑12͒-͑17͒, the connection between the quantum wave functions and the classical Lissajous orbits is completely manifested. It is worthwhile to mention that the stationary states ⌿ N p,q ͑x , y ; A , ͒ for the 2D isotropic harmonic oscillator, i.e., p : q =1:1, can be simplified to give rise to the well-known expression of SU͑2͒ elliptic states ͓29-32͔:
In other words, the stationary states ⌿ N p,q ͑x , y ; A , ͒ in Eq. ͑12͒ are a kind of SU͑2͒ coherent states. To our knowledge, it is original to derive the stationary coherent states related to the classical Lissajous orbits from the time-dependent Schrödinger coherent state. Since the stationary coherent states ⌿ N p,q ͑x , y ; A , ͒ are well localized on the classical periodic orbits, we call them "localized states."
IV. QUANTUM FEATURES OF CLASSICAL NONLINEAR RESONANCES
As mentioned in Sec. II a classical trajectory in the weakly perturbed systems can be characterized by an ensemble of the unperturbed periodic orbits. The quantum fea- 9 . ͑Color online͒ Experimental far-field wave patterns ͓͑a͒-͑c͔͒ for the stationary figureeight states that were generated at three different pump positions on the laser crystal, respectively. Theoretical patterns of quantum coherent states ͉⌿ 20 2,1 ͑x , y ; A , /2͉͒ 2 ͑real part͒ corresponding to the experimental results: ͑a͒ A = 10, ͑b͒ A =5, ͑c͒ A =1.
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tures of classical nonlinear resonance can be manifested with a coherent superposition of an ensemble of the localized states. Figure 6 displays the variation of the coherent wave patterns with the number of participant localized states corresponding to the trajectory in Fig. 1͑a͒ . It is found that only a few localized states are already sufficient to form a well extended pattern within the classical caustics, similar to a kaleidoscopic pattern. The high efficiency of the wave extension comes from the fact that the encompassing region of each localized state covers a width of several de Broglie wavelengths. Since the de Broglie wavelength is inversely proportional to ͱ N, the critical number of localized states for a well extended pattern is of order ͱ N. In other words, the highly efficient extension of the wave pattern is a salient quantum phenomenon in mesoscopic systems with nonlinear resonances. Figure 7 depicts the quantum wave functions corresponding to the classical tori shown in Fig. 1 . A close classical quantum correspondence can be clearly seen; the quantum wave distributions are well extended within the associated classical caustics. In the following section, we give an intriguing demonstration that the laser cavity is a promising analogous experiment for visualizing the quantum wave functions associated with nonlinear resonances.
V. ANALOGOUS EXPERIMENTAL OBSERVATIONS
In recent years, microwave cavities have been used to perform analog studies of transport in open quantum dots ͓33-35͔. Recently, Doya et al. ͓36͔ have introduced the paraxial approximation to establish an analogy between light propagation along a multimode fiber and quantum confined systems. Furthermore, we have demonstrated that it is promising to explore the high-order quantum wave function from the pattern formation of the laser resonators ͓37-39͔. This demonstration is based on the fact that the wave equation for the transverse mode of the laser resonators in the paraxial approximation is in analogy with the Schrödinger equation for the 2D quantum confined systems ͓40,41͔. More recently, we have observed the kaleidoscope of laser patterns in a near-hemispheric microchip laser with an intracavity saturable absorber ͓42͔. However, the origin of the salient pattern formation was not clearly understood at that moment. Here we demonstrate that the observed laser modes are a kind of analogous wave patterns associated with the quantum coherent states in a 2 : 1 stretch-bend Fermi resonance.
The experimental configuration in Ref.
͓42͔ is a nearhemispheric cavity in which the transverse mode spacing ⌬ T and the longitudinal mode spacing ⌬ L are very close to be commensurable, i.e., ⌬ L : ⌬ T Ϸ 2 : 1. The inherent commensurability between ⌬ T and ⌬ L have a dramatic effect on the formation of laser patterns, as shown in the internal nonlinear resonances. In other words, the coupling of a 2 : 1 longitudinal-transverse resonance is identical in form to the well-known phenomenon of Fermi resonance in molecular systems. We have redone the experiment but with a semiconductor quantum well instead of a bulk crystal as a saturable absorber in the laser cavity. Similar patterns to those found in Ref. ͓42͔ can be almost reproduced. This similarity implies that the observed patterns are insensitive to the types of the saturable absorbers, even though the saturable absorber provides a source of nonlinear coupling. As shown in Fig. 8 , the formation of the observed laser patterns can be well explained with the quantum coherent states of a 2 : 1 intrinsic Fermi resonance. Note that the bright spot near the center of the kaleidoscopic patterns arises from the quantum-classical correspondence that all figure-eight classical orbits pass through the focal point near origin. The excellent agreement between the experimental and theoretical patterns confirms that the coupling of a 2 : 1 longitudinal-transverse resonance in a near-hemispheric laser resonator is analogous to the well-known phenomenon of Fermi resonance in molecular systems. The present analysis also provides a further indication that laser resonators can be designed to demonstrate the quantum phenomenon in mesoscopic physics ͓43͔.
With the same laser cavity configuration, the stationary localized states related to the single figure-eight classical orbits can be excited by use of the off-axis pumping scheme. Figure 9 shows three experimental far-field patterns for the stationary figure-eight states that were generated at different off-axis pump positions on the laser crystal, respectively. The theoretical patterns corresponding to the experimental results are also plotted in Fig. 9 for comparison. Again, excellent agreement is found for all cases. Figure 10 shows the experimental images of the field intensities on the laser crystal to reveal the relationship between the pump positions and the formation of the stationary localized states. The bright spot on the experimental image in Fig. 10 represents the location of the pump beam. It can be seen that the formation of the stationary figure-eight states is primarily dependent on the overlap between the pump intensity and the lasing mode distribution. This is consistent with the fact that the cavity mode with the biggest overlap with the gain region will dominate the lasing process. As a consequence, controlling the pump position can straightforwardly manipulate the generation of different stationary localized figure-eight states in a nearhemispheric resonator. Nowadays, manipulation of the spatially localized optical wave may be promising for optical information process applications ͓44͔. One central part of the theory in Sec. III is to derive the analytical representation for the stationary Lissajous states. Our experimental results illustrate that this analytical representation is not only important for understanding the quantum features of the mesoscopic states with nonlinear coupling but also useful for providing the idea to manipulate the generation of the stationary localized states in laser cavities. For the first time to our knowledge, the analytic representation for the stationary Lissajous states is derived and employed to explore the manipulation properties of the coherent optical wave in a degenerate laser cavity. FIG. 10 . ͑Color online͒ Experimental images of the wave intensities on the laser crystal corresponding to the experimental far-field patterns shown in Fig. 9 , respectively. The bright spot on the experimental image represents the location of the pump beam.
VI. CONCLUSIONS
In summary, we have analytically derived the stationary coherent states associated with the classical Lissajous orbits from the Schrödinger coherent states for the 2D harmonic oscillators with commensurate frequencies. We have employed the connection between the quantum wave functions and the classical Lissajous orbits for the zero-order systems to investigate the quantum features of classical nonlinear resonances. It is found that the highly efficient extension of the quantum wave functions within the classical caustics is an intriguing phenomenon in mesoscopic systems with nonlinear coupling resonances. Furthermore, we have theoretically and experimentally demonstrated that a nearly hemispherical laser resonator with an intracavity saturable absorber forms an experimental system for visualizing the quantum wave functions associated with Fermi resonance.
